Abstract. We report theoretical investigations of the lattice dynamics of KCuF 3 . Our calculations are based on the generalized gradient approximation and parametrization of Pedrew-Burke-Ernzerhof (PBE) to the density functional theory corrected for on-site Coulomb interaction (GGA+U ). Vibrations of the KCuF 3 lattice are studied within the harmonic approximation. Energetic stability of tetragonal and orthorhombic polymorphic structures of KCuF 3 is analyzed. Our results show that the orthorhombic polymorph is energetically not preferred. The Raman and infrared-active phonon modes in two distinct tetragonal polymorphs of KCuF 3 are discussed with respect to the available experimental data. A detailed examination of the phonon densities of states in both tetragonal polymorphic structures of KCuF 3 is provided together with discussion on similarities and differences between the vibrational dynamics of two distinct tetragonal lattices of the KCuF 3 system.
Introduction
KCuF 3 is a well-know example of a system which exhibits one-dimensional (1D) magnetic behavior within a three-dimensional magnetic ion sublattice [1] . It was shown by various experimental and theoretical studies that the quasi-1D properties of KCuF 3 are due to an interplay between the exchange interaction and orbital-ordering effects associated with the cooperative Jahn-Teller distortions of CuF 6 octahedra [2] - [28] .
There are two different tetragonal crystal polymorphs of KCuF 3 that are stable in a wide temperature range [1] - [6] , i.e. an a-type structure (space group I4/mcm, No. 140) and a d-type structure (space group P 4/mbm, No. 127). They show slightly different arrangements of the fluorine ions (see figure 1 ). In the I4/mcm polymorphic phase the K and Cu cations occupy (4a) and (4d) sites, respectively. There are two crystallographically non-equivalent positions of the fluorine ions. The F − 1 ions are located at (4b) sites, whereas F − 2 ions take positions at (8h) sites with x = 0.2276 [2] . In the P 4/mbm structure the K and Cu cations occupy (2b) and (2d) sites, while F − 1 and F − 2 ions are respectively at the (2c) and (4g) Wyckoff positions with x = 0.2273 [3] . Both polymorphs usually coexist in a given sample [4] and both exhibit A-type antiferromagnetic ordering with spins on the Cu cations confined within the a − b plane, the magnetic propagation vector 001 , and a small magnetic moment of about! 0.5 µ B per each Cu cation cite Hutchings69. These polymorphs also exhibit distinct Néel temperatures, with T N = 39 K and T N = 23 K for the a-type and d-type structures [5, 6] , respectively. Although these two tetragonal polymorphs are commonly accepted, there still exists some ambiguity about the crystal structure of KCuF 3 . A lower symmetry than tetragonal one reported in early experiments [1] - [6] has been already suggested by Ueda et al [7] to explain a weak splitting of two E g modes observed at 10 K in the polarized Raman spectra. The recent Raman and x-ray scattering experiments [8] as well as optical and infrared measurements [9, 10] also report some possible changes in the symmetry of KCuF 3 . A reduction in the crystal symmetry from tetragonal to orthorhombic with the space group P 2 1 2 1 2 1 (No. 19) , originally proposed by Hidaka et al [11] , is ascribed solely to! the cooperative displacement of the F − ions that shift their positions from the midpoint between nearest-neighbor Cu
2+
ions. On one hand, the static orthorhombic distortions allowed for better explanation of some features of the Raman [7] and electron paramagnetic resonance (EPR) spectra [12] , but on the other hand, they were inconsistent with the results of the nuclear quadrupole resonance (NQR) [13] , antiferromagnetic resonance [14, 15] , electron spin resonance [16] and high-resolution neutron diffraction [17] measurements. Furthermore, the theoretical investigations performed by Binggeli et al [18] do not support assumption about the symmetry lowering of the KCuF 3 crystal. The magnetic couplings in KCuF 3 are highly anisotropic with strong antiferromagnetic exchange interactions between adjacent Cu 2+ ions along the c-axis and weak ferromagnetic exchange coupling between Cu 2+ nearest-neighbors ions within the tetragonal a − b plane [19] - [23] . The experimentally determined ratio between the interchain and intrachain coupling constants J a−b /J c ∼ −0.01 with J c = 190 K [21] suggests that above the respective magnetic ordering temperature, the KCuF 3 systems are good realizations of the one-dimensional (1D) antiferromagnetic nearest-neighbor Heisenberg model, while below T N the long-range three-dimensional (3D) antiferromagnetic ordering is maintained.
Most of the experimental and theoretical research on the KCuF 3 system has been focused on its a-type polymorph with the I4/mcm structure [24] - [28] . In this work we consider predominantly tetragonal structures of KCuF 3 and analyze their energetic stabilities as well as vibrational properties. Results of the present studies for the atype polymorph with I4/mcm structure are discussed in the light of the available experimental data, whereas we make a prediction about the lattice dynamics of the d-type polymorph with P 4/mbm structure. We extend our description of the KCuF 3 system by providing additional information on the structural stability of a controversial orthorhombic phase of KCuF 3 which we gain from phonons calculated within a planewave pseudopotential formulation of density functional theory (DFT).
Methodology
In this work, we adopted the VASP package [29] , a plane-wave pseudopotential DFT code, to perform spin-polarized calculations on the KCuF 3 system. Projector-augmented wave pseudopotentials (PAWs) were used for K, Cu, and F atoms with the valence configurations of (3p 6 4s 1 ), (3d 1 04s 1 ), and (2s 2 2p 5 ), respectively. Gradient corrected exchange-correlation functionals parametrized by Perdew-Burke-Ernzerhof (PBE) [30] and the plane wave cutoff of 520 eV were used. Electron correlation beyond the generalized gradient approximation (GGA) was taken into account within the framework of GGA+U and the approach proposed by Dudarev et al [31] . Calculations were carried out with the Coulomb repulsion U eff = U − J = 6.1 eV and the local exchange interaction J = 0.9 eV applied for the d electrons of Cu atoms. We note that the Coulomb and exchange parameters employed in the present work are similar to those used by Liechtenstein et al [32] in their calculations of the d-type structure of KCuF 3 (U = 7.5 eV and J = 0.9 eV) as well those applied by Caciuffo et al [25] or Binggeli et al [18] for the theoretical description of the a-type polymorph. Our GGA+U calculations result in the energy gaps of 2.67 eV and 2.06 eV for the a-type (I4/mcm) and d-type (P 4/mbm) polymorphs, respectively, and correspond to those obtained by other groups for the a-type (2.47 eV [25] ) and d-type (2.0 eV [32] ) structures. We mention that the magnitude of the band gap in KCuF 3 predicted by various ab initio techniques [27] , including recently developed computational scheme based on combination of DFT in the GGA approximation and the dynamical mean-field theory (GGA+DMFT) [33] , lies in the range of 1.5-3.5 eV [28] .
The spin magnetic moment (m S ) on the Cu cation calculated for each structural polymorph of KCuF 3 amounts to 0.80 µ B . It remains significantly overestimated with respect to the experimental value of 0.49(7) µ B measured at 4 K [5] . We note, however, that the calculated m S depends on the applied U eff . Generally, increasing U eff within the GGA/PBE+U leads to a more localized magnetization density compared to GGA/PBE, and thus increases the local magnetic moments. One is able to obtain experimental value of m S at the GGA/PBE limit, i.e. for U eff = 0 eV. Similar enhancement of the calculated magnetization (m S = 0.90 − 0.98 µ B ) was reported by Binggeli et al [18] . Also, no improvement of the predicted magnetization was achieved in the recent investigations employing standard (B3LYP) and two range-separated hybrid (HSE and LC-ωPBE) exchange-correlation functionals [34] . The latter still considerably overestimate the experimental spin magnetic moment on the Cu cation, predicting m S = 0.81 − 0.84 µ B . The small value of the experimental m S in KCuF 3 was suggested to originate from the zero-point fluctuations in the spin direction that lower the expectation value of m S [18] . Indeed, such fluctuations may be large in KCuF 3 and can arise from the quasi-1D features of its magnetic structure.
Geometry optimizations of both tetragonal polymorphs were performed for the A-type antiferromagnetic (A-AF) supercells containing 20 atoms. Each supercell was sampled with the k-point mesh of 4×4×3 generated according to the scheme proposed by Monkhorst and Pack. The convergence criteria for the total energies and forces in each supercell were set to 10 −7 eV and 10 −5 eV/Å, respectively. To obtain phonons within the direct method approach [35] we used the optimized structures to construct the A-AF supercells that contained 160 and 80 atoms for the I4/mcm and P 4/mbm lattices, respectively. These supercells were sampled with the 2 × 2 × 2 k-point mesh. The nonvanishing Hellmann-Feynman forces acting on the atoms in the A-AF supercells were generated by displacing crystallographically nonequivalent K, Cu, and F atoms from their equilibrium positions with the amplitude of 0.03Å and employing both positive and negati! ve displacements to minimize systematic error. Hence, the total number of calculated displacements amounted to 16 for each tetragonal polymorph. Similar procedure was applied to the orthorhombic phase proposed by Hidaka et al [11] . The latter structure is characterized by 10 crystallographically non-equivalent sites building up 40-atom cell of P 2 1 2 1 2 1 symmetry. The number of required displacements to calculate phonons for such a supercell equals to 60.
The transverse components of the infrared active optical phonons (TO modes) were calculated directly from the diagonalization of the system dynamical matrix, while the longitudinal components (LO modes) were obtained by introducing the non-analytical term [36] into the dynamical matrix of the system. In general, this term depends on the Born effective charge tensor Z * and the high-frequency dielectric constant ε ∞ . The Z * tensor was calculated using the linear response method [37] , while the ε ∞ tensor has been estimated from the real part of the calculated dielectric function.
Results and Discussion
Results of structural relaxations performed for the I4/mcm, P 4/mbm, and P 2 1 2 1 2 1 polymorphic structures of KCuF 3 are summarized and compared to the experimental data [2, 3, 11] in Table 1 and Table 2 . In general, the calculated lattice constants remain about 2% higher than those measured in experiments. This effect results from a usage of GGA-PBE approximation for the exchange-correlation term. The most pronounced differences between the experimental and theoretical results are found in the positions of the F − 1 and F − 2 ions of the orthorhombic structure, while the position of the remaining non-equivalent F − , Cu 2+ , and K + ions are very close to those reported by Hidaka et al [11] . The calculated shifts of F − 1 and F − 2 ions from the Cu-Cu bonding lines are almost one order of magnitude smaller compared to those given in [11] . These may indicate that displacements of the latter ions deduced from x-ray diffraction [?] could be of dynamic character and thermally driven, as suggested by Eremin et al [16] and Lee et al [8] . Moreover, the recent electron spin resonance data have been successfully explained within the tetragonal symmetry and by taking into consideration a dynamical Dzyaloshinsky-Moriya interaction related to the oscillations of the fluorine ions perpendicular to the c-axis of the system [16] .
An analysis of the ground state energies of the KCuF 3 polymorphic structures shows that the I4/mcm polymorph is lower in energy than P 2 1 2 1 2 1 and P 4/mbm ones by 0.8 and 1.5 meV per formula unit (f.u.), respectively. The energetic sequence in the ground state, E 0 (I4/mcm) < E 0 (P 2 1 2 1 2 1 ) < E 0 (P 4/mbm), becomes somewhat different when the zero-point energy motion obtained from the phonon calculations is taken into account. It occurs that the free energy of phonons (E vib ) pushes up the energy E = E 0 + E vib of the P 2 1 2 1 2 1 structure above the energy E of the P 4/mbm structure. Finally, the following sequence of the energetic stability is maintained E(I4/mcm) < E(P 4/mbm) < E(P 2 1 2 1 2 1 ). It holds up below the room temperature, as indicated in figure 2 . At zero temperature, the difference between the energies of the most stable I4/mcm polymorph and P 4/mbm is as small as ∼4 meV/f.u., while the energy difference between I4/mcm and! P 2 1 2 1 2 1 structures amounts to ∼7 meV/f.u.. Both energy differences increase with increasing temperature, provided the harmonic approximation applies.
According to the calculated energetic stability of the KCuF 3 phases, we analyze and compare vibrational properties of two tetragonal polymorphs. At the Γ-point the phonons of the I4/mbm and P 4/mcm polymorphic structures can be classified according to the irreducible representations of the respective point groups D 
The modes E u and A 2u are infrared (IR) active, while E g , A 1g , B 1g , and B 2g are Raman active. The E u and E g modes remain doubly degenerate. The A 2u +E (2) u phonons constitute lattice translational modes. Remaining modes, namely, A 2g , B 1u , and the A 1u mode in the P 4/mbm polymorph are optically inactive (silent).
In the Raman active modes the Cu ions are at rest as they are located at inversion centers. No contribution to the Raman modes in the P 4/mbm structure comes neither from the F Figure 4 compares the frequencies of Raman modes calculated for the I4/mcm and P 4/mbm structural polymorphs of KCuF 3 with the experimental frequencies measured at 10 K by Ueda et al [7] . We notice that A 1g and B 1g modes in both polymorphs show very similar frequencies. Essential differences are found for the E g and B 2g phonons resonating at different frequencies in each polymorph. The E g mode at ∼200 cm −1 which corresponds to a motion of the F − 2 ions along the c-axis in the P 4/mbm structure appears nearly in-between the lowest and the highest-frequency E g modes in the I4/mcm structure, the latter being due to sharing vibrations of both fluorine sublattices. The mode of B 2g symmetry, corresponding in the P 4/mbm structure to the stretching vibrations of the F − 2 sublattice, lies ∼40 cm −1 below the highest-frequency B 2g mode of the I4/mcm structure. The latter mode! involves not only displacements of the F − 2 but also vibrations of the F − 1 sublattice. In principle, above features could be used to distinguish one polymorphic structure from another in a given sample of KCuF 3 .
In both polymorphic structures of KCuF 3 , the IR-active A 2u and E u phonons correspond to oscillations of the dipole moment parallel and perpendicular to the caxis, respectively. Frequencies of these modes are displayed in figure 5 . The frequencies of the LO modes were obtained using the calculated tensors Z * and ε listed in Table 3 . The components of the ε tensor parallel (ε 33 ) and perpendicular (ε 11 ) to the c-axis were estimated from the E → 0 limit of the real part of dielectric function shown in figure 3 . We compare results of our calculations to the experimental TO frequencies measured at 12 K by Deisenhofer et al [10] . The reflectivity and dielectric loss spectra reveal a two-peak structure of the E u mode at ∼200 cm −1 which vanishes above 150 K, i.e. far above the respective Néel temperatures of both p! olymorphs. This feature was assigned to a splitting of the doubly degenerated E u mode. The IR phonon of A 2u symmetry at ∼250 cm −1 also exhibits some anomalous behavior below 150 K, which was related to the multiphonon processes [10] . Such a deviation is not observed neither for the calculated E u nor A 2u mode. Results of our calculations indicate that the modes of A 2u symmetry as well as the highest-frequency E u mode appear in both structural polymorphs of KCuF 3 at very similar frequencies. Below ∼260 cm −1 , a small shift between theoretical and experimental frequencies of the E u modes in the I4/mcm structure is observed. Nevertheless, the IR spectrum of the P 4/mbm polymorph differs from the respective spectrum of the I4/mcm polymorph since it contains additional E u vibrational mode at ∼95 cm −1 . Although, the frequency of this mode is close to the frequency of an additional mode at ∼107 cm −1 , which develops in ! the experimental IR spectra below 40 K, it is unlikely to arise from the P 4/mbm polymorph as it remains visible for both polarizations (parallel and perpendicular to the the c-axis). It was suggested, that this low-frequency mode can be either magnetic in its origin or it may correspond to a phonon mode of the orthorhombic structure. On one hand, a possible orthorhombic structure [11] would show three IR-active modes of B 1 and B 3 symmetries in the very close vicinity of the mode at 107 cm −1 , but on the other hand, its IR-spectrum would exhibit much finer structure than that reported in [10] . In general, the total number of the IR-active phonons of B 1 , B 2 , and B 3 symmetries in the orthorhombic phase with the P 2 1 2 1 2 1 space group amounts to 90. Our calculations showed, however, that such a structure is unfavorable as far as the energetic stability is concerned. Therefore, it is more plausible that this additional low-frequency mode appearing in the IR spectra of KCuF! 3 measured at low temperatures is rather of magnetic nature.
We used the calculated LO-TO splitting of the IR-active modes to estimate the static dielectric tensor ε 0 of the KCuF 3 system. The ε 0 can be factored into contribution arising from purely electronic screening ε ∞ and the IR-active phonon modes as follows [38] :
where ω T O,i and ω LO,i are the TO and LO frequencies of the IR-active modes. The components perpendicular (ε ⊥ 0 ) and parallel (ε 0 ) to the c-axis are following: ε ⊥ 0 (I4/mcm) = 5.82, ε ⊥ 0 (P 4/mbm) = 6.09, ε 0 (I4/mcm) = 6.13, and ε 0 (P 4/mbm) = 6.52. Our results indicate that both components of the ε 0 tensor of the P 4/mbm structure are slightly higher than the respective components of the I4/mcm structure.
Additional information on the dynamics of the KCuF 3 polymorphic phases considered in the present work can be gained from the calculated phonon densities of states (DOS). The total densities of the phonon states for both tetragonal structures of KCuF3 are displayed in figure 6 . The phonon DOS of each polymorph spans the spectral range from 0 to 70 meV. One notices that these two phonon spectra show some differences, especially in the energy range of 18-33 meV (145-266 cm −1 ). To find out about the source of the observed differences, it is advantageous to separate the phonon DOS into contributions from vibrations of particular sublattices constituting the KCuF 3 system. Such contributions, i.e. partial densities of states (pDOS) calculated for the I4/mcm and P 4/mbm polymorphs are also shown in figure 6 . Below 25 meV, the phonon spectrum in each polymorph is dominated by the vibrations of the K + sublattice. A difference between the dy! namics of the respective K + sublattices is rather insignificant. The pDOS of the Cu 2+ sublattice in each polymorph shows energy distribution in two ranges, i.e. up to 40 meV and above 50 meV. In the highest frequency region, the partial densities of states due to vibrations of the Cu 2+ ions in the I4/mcm and P 4/mbm systems are similar to each other. The differences in the dynamics between these two sublattices are observed in the range of 20-33 meV, where the Cu pDOS in the P 4/mbm polymorph exhibits two phonon peaks, not present in the respective pDOS of the I4/mcm polymorph. The phonons resulting from the vibrations of the F − ions cover the entire spectral range. These are pure fluorine vibrations between 40 and 50 meV, where no contribution to the density of states comes from the cation sublattices. Below 33 meV, the partial densities of states due to the F − ions arise from the F − 1 sublattices vibrating perpendicular to the c-axis, while the vibrations of the F 1 ! − ions along the c-axis dominate at higher energies. The F − 2 sublattice vibrations perpendicular to the caxis span the entire spectral range, whereas the F − 2 sublattice vibrations parallel to this axis are limited to about 40 meV. Apart many similarities between the dynamics of the F − sublattices in the I4/mcm and P 4/mbm polymorphs we find some differences in the energy range of 20-33 meV and they are also observed in the respective Raman spectra. For example, the E g mode appearing at ∼25 meV (∼200 cm −1 ) in the Raman spectrum of the P 4/mbm structure remains also well-resolved in the phonon DOS spectrum.
Finally, we used the harmonic approximation and the phonon DOS to obtain the lattice contribution to the heat capacity. Figure 7 shows the temperature evolution of the heat capacity divided by temperature (C/T ) for the I4/mcm and P 4/mbm polymorphs. The calculated C/T remains in close agreement with the results of the measurements reported by Deisenhofer et al [10] . It should be noted that the experimental heat capacity contains also the magnetic contribution, and thus a typical λ-type behavior is expected in the vicinity of the respective Néel temperatures (39 K and 23 K). Nevertheless, the lattice contributions to the heat capacities of the I4/mcm and P 4/mbm polymorphs are distinguishable from each other below ∼ 100K, while at higher temperatures they become identical.
Summary and conclusions
An analysis of the energetic stability performed for two tetragonal polymorphs of KCuF 3 as well as the orthorhombic polymorph with the symmetry proposed by some x-ray diffraction experiments [11] indicates that the orthorhombic polymorph is the least stable phase among those considered in the present work. It was shown that the zero-point energy motion plays a significant role in predicting the energetic stability of the KCuF 3 phases. The static displacements of the fluorine ions that lead to the orthorhombic symmetry are calculated to be about one order of magnitude smaller than those reported in the x-ray diffraction studies [11] . This suggest that the symmetry lowering may arise from thermally driven distortion as shown also by the calculated frequencies of the Raman and infrared modes that remain in close agreement with the experimental data determined for the tetragonal symmetry of KCuF 3 . The splitting of some Raman modes as well as the appearance of additional infrared mode in the vicinity of the Néel temperature, ! as observed in some experiments, require further experimental/theoretical verification. A detailed analysis of the phonon density of states spectra, given in the present work, can be useful for the inelastic neutron scattering investigations that could provide additional information on the vibrational dynamics of the KCuF 3 lattice. Figure 2 . Calculated energy E = E 0 + E vib of the I4/mcm (solid curve), P 4/mbm (dashed curve) and orthorhombic P 2 1 2 1 2 1 (dotted curve) structures of KCuF 3 . (inset) Difference in energies (∆E) between the I4/mcm and P 4/mbm polymorphs (solid curve) and between the I4/mcm and P 2 1 2 1 2 1 ones (dashed curve). 
